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Abstract
Solving a recently raised problem, we prove that if f maps continuously a compact subset X of
R
n into Rn, and all fibers of points in f (∂X) have diameter smaller than the distance of a point of X
from the boundary of X, then this point is mapped by f in the interior of f (X).
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1. Introduction
In a recent paper [3], W. Kulpa proves the following:
Theorem 1. Let X be a compact subset of Rn. Fix x0 ∈ Int(X) and let a := 12 dist(x0, ∂X).
Then for any continuous map f :X → Rn such that diamf ←(f (x)) < a for each x ∈ ∂X,
the point f (x0) belongs to the interior of f (X), f (x0) ∈ Intf (X).
In the same paper the author asks if the coefficient 1/2 can be removed (Problem 2);
here we give an affirmative solution.
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2. An approximate inverseFor every subset S of Rn denote by co(S) its convex hull; B denotes the open unit ball
of Rn; the metric in Rn is the euclidean metric, and |x − y| denotes the distance between
x and y . If (Y, d) is a metric space, y ∈ Y and δ > 0, then B(y, δ] (B(y, δ[) denotes the
closed (open) ball of center y and radius δ.
Lemma 2. Let K be a compact subset of Rn and let f :K → Y be a continuous map onto
a metrizable space Y ; assume that α > diamf←(y), for every y ∈ Y . Then there exists
a continuous g :Y → Rn such that, for every x ∈ K , there exists a convex set Kx with
diam(Kx) < α containing g(f (x)) and the fiber f ←(f (x)) (in particular, we also have
|x − g(f (x))| < α).
Proof. For every y ∈ Y , pick ε(y) > 0 such that diam(f←(y)) + 2ε(y) < α. There exists
δ(y) > 0 such that f ←(B(y, δ(y)]) ⊆ co(f ←(y)) + ε(y)B; indeed ⋂δ>0 f←(B(y, δ]) =
f ←(y) ⊆ co(f ←(y)) + ε(y)B; since this latter set is open, and every f ←(B(y, δ]) is
closed in the compact set K , there is δ(y) > 0 such that f←(B(y, δ(y)]) ⊆ co(f←(y)) +
ε(y)B . Take a finite partition of unity (uj )1jm on the compact space Y subordinated
to the open cover (B(y, δ(y)/2[)y∈Y of Y ; for every j pick yj ∈ Y such that Supp(uj ) ⊆
B(yj , δ(yj )/2[, then pick xj ∈ f←(yj ). Define g :Y → Rm by
g(y) =
m∑
j=1
uj (y)xj .
Plainly g is a continuous Rn-valued function. Fix y ∈ Y and x ∈ K such that y =
f (x). Let I (y) = {j ∈ {1, . . . ,m}: uj (y) > 0}, and let k ∈ I (y) be such that δ(yk) =
max{δ(yj ): j ∈ I (y)}. Note that yj ∈ B(yk, δ(yk)], for every j ∈ I (y): in fact y ∈
Supp(uj ) ⊆ B(yj , δ(yj )/2[ for every j ∈ I (y), hence
d(yk, yj ) d(yk, y) + d(y, yj ) < δ(yk)/2 + δ(yj )/2
 δ(yk)/2 + δ(yk)/2 = δ(yk);
it follows that xj ∈ f ←(yj ) ⊆ f←(B(yk, δ(yk)]) ⊆ co(f ←(yk)) + ε(yk)B , for all j ∈
I (y); then g(y), a convex combination of the xj , j ∈ I (y), belongs to the convex set
Kx = co(f ←(yk)) + ε(yk)B; since y ∈ B(yk, δ(yk)] we also get f ←(y) ⊆ Kx ; and the
diameter of Kx is not larger than diam(f ←(yk)) + 2ε(yk) < α (recall that a set and its
convex hull have the same diameter).
Remark 3. The proof above is inspired by the proof of the approximate selection theorem
for convex valued upper semicontinuous multifunctions given in [1, 1.12]. An upper bound
on the diameter of fibers was first considered by Alexandroff in 1928; the notion was
subsequently exploited by many authors (see [3] for further references).
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3. Degree of a mapWe refer the reader to [2] for the definition of degree of continuous maps defined on
subsets of Rn, recalling here the relevant facts. Call a triple (f,U,y) admissible if U is a
bounded open subset of Rn, f is a continuous Rn-valued function defined on a subset of
R
n containing U = U ∪ ∂U , and y ∈ Rn \ f (∂U). Denoting by Tn the set of admissible
triples, it can be proved that there exists a unique integer valued function deg : Tn → Z
satisfying the following axioms:
d1 (Additivity and excision) If U,V are disjoint open subsets of the bounded open set W ,
f :W → Rn is continuous, and y /∈ f (W \ (U ∪ V )), then
deg(f,W,y) = deg(f,U,y)+ deg(f,V, y).
d2 (Continuity, or homotopy invariance) If F : U × [0,1] → Rn, and t → yt (t ∈ [0,1])
are continuous, and for every t ∈ [0,1] we have yt /∈ ft (∂U) (with ft (x) = F(x, t)),
then
deg(f0,U,y0) = deg(f1,U,y1).
d3 (Normalization) deg(idn,U,y) = 1 for every y ∈ U and bounded open U , where idn
is the identity map of Rn.
It is then easily proved that deg(f,U,y) remains constant when y varies in a connected
component of Rn \ f (∂U), and is 0 if y /∈ f (U) (and thus it is zero on the unbounded
component(s) of Rn \ f (∂U)). It follows that whenever deg(f,U,y) = 0 then y is in the
interior of f (U), which in fact contains the entire (open and bounded) component of Rn \
f (∂U) in which y lies. We shall also apply the product formula [2, 5.2], restated here for
the reader’s convenience:
Theorem 4. Let U be open and bounded in Rn, and assume that f : U → Rn and g :Rn →
R
n are continuous. Let Γ (f (∂U)) denote the set of bounded components of Rn \ f (∂U).
Assume that (g ◦ f,U, z) is an admissible triple; then
deg(g ◦ f,U, z) =
∑
V∈Γ (f (∂U))
deg(f,U,V )deg(g,V, z)
(here deg(f,U,V ) stands for deg(f,U,y), where y is an arbitrary element of V ; the above
sum is actually finite, since it is easy to see that g←(z) has non-empty intersection only
with a finite set of components of Rn \ f (∂U), and deg(g,V, z) is zero whenever V ∩
g←(z) is empty).
4. The result
Theorem 5. Let X be a compact subset of Rn, f :X → Rn a continuous map; let r > 0
be such that diam(f←(f (x)) r for every x ∈ ∂X. If c ∈ X is such that dist(c, ∂X) > r ,
then f (c) ∈ Intf (X).
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Proof. Let U be the connected component of Int(X)\f ←(f (∂X)) which contains c. Pick
α such that r < α < dist(c, ∂X). Apply the preceding lemma 2 with K = f←(f (∂X))
to find g :f (∂X) → Rn continuous and such that for every x ∈ f ←(f (∂X)) we have
g(f (x)) ∈ Kx , where Kx is a convex set of diameter less than α containing the fiber
f ←(f (x)). Extend g to a continuous map on all of Rn, still denoted by g (this is clearly
possible, by the Tietze–Urysohn extension theorem, since f (∂X) is compact). We claim
that the degree deg(g ◦ f,U, c) is (defined and) has value 1. Indeed (x, t) → ft (x) = tx +
(1 − t)g(f (x)) is a homotopy of g ◦ f to the identity map; and if x ∈ ∂U ⊆ f ←(f (∂X)),
there exists a convex set Kx , whose diameter is smaller than α, containing g(f (x)) and
the fiber f←(f (x)). Then the point ft (x) belongs to Kx , for every t ∈ [0,1], since both x
and g(f (x)) belong to Kx ; hence ft (x) = c, since Kx contains some point of ∂X, and has
diameter less than α, so that dist(ξ, ∂X) < α for every ξ ∈ Kx . Let Γ be the set of bounded
connected components of Rn \ f (∂U). By the above quoted product formula we obtain:
1 = deg(g ◦ f,U, c) =
∑
V∈Γ
deg(f,U,V )deg(g,V, c);
but f (U) is connected and disjoint from f (∂U), and hence f (U) is contained in a single
component of Rn \f (∂U), the one containing f (c). This means that all terms deg(f,U,V )
are zero, except at most the one with f (c) ∈ V , which must then be either 1 or −1. Thus
deg(f,U,f (c)) = ±1, in particular f (c) is interior to f (U) (which also is open and coin-
cides with V , f (U) = V ).
Remark 6. It is easy to give examples which show that the strict inequality dist(c, ∂X) > r
is essential: if X = {(x1, x2) ∈ R2: x21 + x22  1} is the closed unit circle, and f :X → R2
is defined by f (x1, x2) = (0, x2) if x1  0, f (x1, x2) = (x1, x2) if x1  0, then
dist
(
(0,0), ∂X
)= 1 = max{diamf ←(f (x)): x ∈ ∂X},
but f (0,0) = (0,0) /∈ Int(f (X)) (see [3, p. 257]).
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